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In |K| we introduced two variants of higher-order differentials of the pe- 
riod map and showed how to compute them for a variation of Hodge struc- 
ture that comes from a deformation of a compact Kahler manifold. More 
recently there appeared several works (]BG|], [EV|, 0) defining higher tan- 



gent spaces to the moduli and the corresponding higher Kodaira-Spencer 
classes of a deformation. The n th such class K n captures all essential infor- 
mation about the deformation up to n th order. 

A well-known result of Griffiths states that the (first) differential of the 
period map depends only on the (first) Kodaira-Spencer class of the deforma- 
tion. In this paper we show that the second differential of the Archimedean 
period map associated to a deformation is determined by K2 taken modulo 
the image of k\, whereas the second differential of the usual period map, 
as well as the second fundamental form of the VHS, depend only on k\ 
(Theorems 2, 5, and 6 in Section 3). 

Presumably, similar statements are valid in higher-order cases (see Sec- 
tion 4). 

1 Constructing linear maps out of connections 

We start by reviewing the definitions of higher-order differentials of the 
period map from |K|], using a slightly different approach. Let S be a polydisc 
in C s centered at 0. Consider a free Cg-module V with a decreasing filtration 
by Os-submodules . . . C T v C T v ~ x C . . . and an integrable connection 

V : V -> V®Vl\ 
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satisfying the Griffiths transversality condition X7(J- P ) C T p 1 <8) 

Lemma 1 (a) V induces an Os-linear map 

e s — ► Hom 0s {J rp ,F p - 1 /J rp ) 
£ i — ► V 5 mod^ 

f&j Analogously, we also have an Os -linear symmetric map 

9f 2 — » Hom 0s (J 7P ,J 7p - 2 /J 7P + spanjV^) | all rj E T(S,e s )}) 
C®£ V C V € mod + span {V„(^)} . 



Proof. Both (a) and (b) are proved by straightforward computations; the 
fact that the map in (b) is symmetric follows from the integrability of V: 

v c v f - v 5 v c = v [a] , 

and so 

V f V 5 = V 5 V f mod span{V v {F p ) \ r) € B s } . 

□ 

We will apply the Lemma to two connections arising from a deformation 
of a compact Kahler manifold X, 

X D X 

(1) nil 

S 3 

1. The usual Gauss-Manin connection V onH = R m ir*Cx • In this case we 
denote the map in (a) 

This is i/ie (first) differential of the (usual) period map. The same notation 
and terminology will be applied to the induced map 

&s ^@Hom 0s (F p /F p+1 ,F p - 1 /F p ) • 
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The map given by part (b) of the Lemma is called the second differential 
of the (usual) period map and denoted 

d 2 <5> : 6| — » Hom 0s (f p ,F p ~ 2 /J rP + span {V^) | rj € Q s }) ■ 

2. The Archimedean Gauss-Manin connection V = V ar on 

H®B ar = R m Tr*Cx[T,T- 1 ] 

(see Appendix). The corresponding map from (a) is called the (first) differ- 
ential of the Archimedean period map, denoted 

(Z* : Q S > Homo s {H ar , Far /7-Lar) ■ 

Again, we will abuse notation and write d^ to denote the induced map 
(2) e s ^Homo s (Gr° Tar ,Gr^J . 

Finally, the map in part (b) of the Lemma, for V = V ar , is the second 
differential of the Archimedean period map and will be denoted 

dH : e| — ► Hom 0s {Har,Far/Har + span {V ri (H ar ) I 7] e e s }) . 

We have an identification of Cg-modules 

Gr% ar {H ® B ar ) = B, m 7r4Gr F (Q x/s ® B ar )) R m vr,^ /5 = H , 

obtained from the obvious isomorphism of sheaf complexes 

QP rpp d QP+l rpp+l 

^x/s- 1 ^x/s- 1 

qP rf , o p+1 

il X/S il X/S 

("dropping the TV). 

Similarly, Gr^ = H. We use these identifications to obtain a version 
of (2) "without TV 

~d$! :® s — >£nd 0s (H) . 
Analogously, we also define 

d?y : 6f 2 — >£nd 0s {H) , 



with d 2, J/(£,f;) being the composition 

H = Gr% ar F m 2 /H ar + span{V v {T m l ) \ rj G @s} ^ Gr^ * W . 

Remark. Let t = (fi, . . . , t a ) be a coordinate system on S" centered at 0. 
Then, in the notation of §|, d& (d / dti)\ t =o is L®, d$(d/dU)\ t=0 is Z W , 
d 2 ^(d/dti ® d/dtj)\t =0 is and d^(d/dU g> 5/^j)U =0 is L fo) . O5- 

linearity of d\l/, d 2 '!', etc. is essential for the ability to restrict to in 5. 

To formulate the next Lemma, we bring out the natural (7g°-linear iden- 
tification 

h:H= K p ' q Gr p r TL =: GryW . 

p+q=m p 

Lemma 2 (aj For any £ G G5 and aZZ p we /jawe 

f/ie induced endomorphism of degree —1 of Gr'-pTL coincides with d<&(£) 
and, in fact, 

(b) For any £,£ G 65 and aW p we /iaue 

and 

d 2 $(C, : ^ p — > J^- 2 /^ + span {V^) | n G G s } 
/actors */irouff/i cP*(C,0 : ^ — ► F p ~ 2 ■ 

Proof, (a) For any £ G ©5 

Vt{H p ' q c w p - 9 e n p - hq+1 

and, correspondingly, 

V°fH p,q T p C H p,<2 T p © t^p -1 !^ 1 t p 

Therefore, d&(£) maps 7F' 9 .T P to its image under V| r modulo H ar = 7° r , 
i.e. into ri p - l > q+l .T p . Hence 

d$(0(H p > q ) c H p - 1 ' q+1 , 
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which implies every statement in part (a) of the Lemma. 
Part (b) is established by similar reasoning. □ 

The connection V on TL naturally induces a connection V on £ndo s (H) 
subject to the rule 

V(Ax) = (VA)x + AVx 

for any A G £ndo s (H) and x ETC. 

In accordance with Lemma 1, for any £ G 0$ the covariant derivative 
V<; on £nd(Tt) determines an Cg-linear map 

S c : im (5*) — ► £nd{H)/im (d¥) . 

Lemma 3 For any £, £ G 85 

faj V c (d¥(^))(JP" p ) C J"^ 1 /or a// p. 

(b) £^(d^(^)) determines an element of £nd 0s (Gr'-pTC) j 'im (d$) . 

Proof, (a) V c (df"(£)V = V^d*^)^) -d¥(£)V c u; for any u£H. Assume 
w G 'W' 9 . We want to show that the (p — 2, q + 2)-component of the right- 
hand side is 0. But this component is 

(V ? V f u;)(p_ 2;(?+2 ) - (V ? V c w)(p_ 2 ,g + 2) = (V[£ iC ]w)( p _2 i(?+ 2) = ! 

(b) follows from (a) and the relation between d\I/(£;) and d<$(£) estab- 
lished in part (a) of the previous Lemma. □ 

Definition. The second fundamental form of the VHS 
II : 9f 2 — ► £ndo s {Gr T )/im(d<S>) 

is defined by 

II(C, := h o Vdh^d^iOh) o h" 1 mod im (d$) . 

Remark. II|t=o was denoted d 2 <l? in |fKf . 

We will omit the identification h in what follows. 
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Proposition 1 ((2.4) in Q) 

II(C, = dMi((, - d&(() o W(£) mod im 



Proof. V c (d#(£))w = V f (d*(f)a>) - d*(£)V c u; for any lu <ETC. Now, let u; 
be the element of Grjr ar (?i(^B ar ) corresponding to u under the isomorphism 
Ti = Grjr ar (H <g> -B ar ). Using a similar identification of H with Gry 2 (8> 
Bar), we have the following correspondences: 

V ( (5*(0«) — (V f (d*(C)o;) mod ^T, 1 ) = (d 2 *(C,0^ mod J^ 1 ) G Gr" 2 , 
and 

d¥(^V cW <— > (dtf(C) o mod J-" 1 ) E G?> 2 . . 

It remains to pass to on the right-hand side, i.e. put bars on d^ and d 2 ^ . 
□ 

2 The second Kodaira-Spencer class 

First, let us recall the construction of the (first) Kodaira-Spencer map K\ = K 
of the deformation (1): it is the connecting morphism in the higher-direct- 
image sequence 

(3) — vr*e* — e 5 ^Tr.e^/s — 

associated with the short exact sequence 

(4) o — > e^ /5 — » — » vr*e s — » o . 

Given £ E ©5, the corresponding covariant derivative of the Gauss- 
Manin connection 

is computed as follows (sec [ pcl| ], |KO| ], or Q). Choose a Stein covering 
U = {C/j} of X. Then {Wj = £/j x S} constitute a Stein covering W of 
<Y. Consider a class in r(,S, R m 7r,,,f^ 5 ) represented by the Cech cocycle 
uj = {ujq G F(Wq, ^x/g)}, where Q = {i\ < . . . < i q ) and p + q + 1 = m. 
Let the same symbol ujq denote a pull-back of loq G r(WQ,fi^/ 5 ) to an 
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element of T(Wq,VL p x ). Let v = {vi} denote liftings of £ G 0s, or rather, in 
7r*e 5 , to r(W f ,e^). Then 

v^[w] = [Aw] 

where the brackets denote cohomology classes in R m 7T*0^ ,^ (more precisely, 
in T(S, R m 7r*0^/^)), and is the Lie derivative on C" Tl (W,0^.) with re- 
spect to u = {ui} £ C ,0 (W,6a'): 

(5) £1,0; = {JDUii - 1 + % - 1 

with D = d ± 5, 5 = 5 being the Cech differential, as usual. 

Now, when £ € Q$ lifts to all of X, i.e. £ lies in the image of tt^Qx —> &s 
(= ker («) !), the cochain u € (7 (W, O^) lifting £ is a cocycle, i,e, 5v = 0. 
But then formula (5) reduces to 

£ v uj = {(lr;. _i u i} ,.. +v h _i du)i u ... t i 9 } = {£ Vil ^ii,...,i q }, 

where £ Vi now denotes the usual Lie derivative with respect to the vector 
field Vi x . Evidently, in this case V^J rp C T v . Consequently, the (first) 
differential of the period map 

d<f>:Q s — * Hom(F p ,H/F p ) 

factors through 85/ im {tt*@x — ► @s} = @s/ ker (k), and thus we arrive at 

Theorem 1 (Griffiths) There is a commutative diagram 

®s ^ ® p Hom{T ll, ,H/F p ) — £nd^ l \Gr r n) 

\* T 

*-x/s 

where T^x/s := R 1/K *®x/S an ^ the northeast arrow sends x to the map 
x ^ (the cup product with x). 

Analogous results hold for and d^ (see ]K|]). We seek a similar 
statement for d 2 $ and d 2 ^. 

First we need to review the construction of the "second-order tangent 
space to the moduli." Here we are following (a relativized version of) the 
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presentation in Q. We will make the simplifying assumption that X has 
no global holomorphic vector fields, i.e. tt*@x/s = 0- 
Consider the diagram 

Xx s X X 2 /S 
(6) / \ / P 

S 

where X2/S denotes the symmetric product of X with itself over S (fiber- 
wise). Let /C denote the complex of sheaves on XijS 



where M stands for the exterior tensor product on X x$ X, ( )~ denotes 
the anti-invariants of the Z/2Z-action, and the differential is the restriction 
to the diagonal A C X x$ X, followed by the Lie bracket of vector fields. 

Definition. T^x/s := ^P*^-' is the sheaf on S whose fiber over each t £ S 
is the second-order (Zariski) tangent space to the base Vt of the miniversal 
deformation of X u i.e. = (my 4j0 /m^ )*. 

This should not be confused with the sheaf T^x/s = R 2lT *®x/s whose 
fiber over each t E S is the obstruction space T\ t for deformations of Xt- 
In fact, we have this exact sequence: 

(7) ► T X / S > T x ^ s > Sym 2 T X / s > T^x/s > 

where o is the first obstruction map, given by the Os-linear graded Lie 
bracket: 

Sym 2 R l -K^@x/s ^ R 2 n*@x/s ■ 

(2) 

We will find it easier to deal with an "unsymmetrized version" of T^,^. 
Definition, ^x/s := ^ f*^- ■> where /C is the complex on X x§ X, 



-1 

ft 8 2 [>1 a 



8 



~ (2) 

x/s ^ s 1IL ^ ne commutative diagram with exact rows: 

rv _ rpl r^(2) /rpl \(g>2 ° , rp2 

U ^ 1 ^/S *■ S -X/S ^.Y/sJ 

II | | II 

— * ^X/S * T A"/5 *" ^ m2T A'/S *■ T X/S 

Definition. Ta '■= T> s JOs will denote the sheaf of second-order tangent 
vectors on S. 



As part of a more general construction in |EV|, there is the second 



Kodaira- Spencer map associated to every deformation as in (1): 

„ . T (2) ^ T (2) 

We will work with a natural lifting K2 of k,2- 

( 8 ) i I 

T (2) _*2 rp(2) 

or, rather, with the restriction of 71% to 0® 2 . 
It is easy to describe K2 explicitly. Let 

k : e s — » t^ /s = ^^e^/s 

be the (relative, first ) Kodaira-Spencer map of the family 7r as in (1). It is 
equivalent to the datum of a section of T(S, £lg <X> R 1 tt*&x/s)- This section 
can be represented by a C l (U, Ox)- valued one-form on 5, 

s s s 

(9) 0(t)dt := ^ 0(t) e dtt = J2Y, 0Pt T dti (Z+ := {0} U N) . 



Here each 6 e = {6- is a cochain in C l (U, ©x) and each 6(t)i is a cocycle 

on X t for every value of t, but only the leading coefficients 9^ (1= 1, . . . , s) 
are Cech cocycles on X (t = 0). The rest satisfy the "deformation equation" 

(io) * (^) = P(tM(t) fc ] 
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When s = 1, this reduces to 66 (t) = [0(t),0(t)]. 
Thus, it is natural to make the following 

Definition. K2 ■ Of 2 — > ^x/S sen( ^ s Wj: ® ^° ^ ne cohomology class 
of the cocycle 

(11) (0(t) fc x 0(t),, eC^xsW.q. 



For example, if 



s 



(12) 0(t)dt = J2(<>e + E ^ + °( t2 ) 

e=i k=i 

is the expansion of 0(t)dt at up to order two, then K2I0 : @f 2 |o ~ * 
sends ^ <8> ^ to the cohomology class of the cocycle 

(13) (flf x ef\9f ] ) e c\uxu,ic-\ ) . 

Indeed, for the definition of K2 to make any sense, we must have the 
following commutative diagram with exact rows: 

0^ & s e 5 ©ef 2 -» ef 2 -» o 

(14) ki I i «2 1«? 

u ^ ± A'/5 ~ *■ L X/S \ 1 X/S> ~^ L X/S ■ 

The square on the right induces a commutative triangle 

pv(g>2 ™(2) 

(15) «? x ! 

(T^ /s )^ 2 • 
Therefore, ^(^ <8> ^) must project onto 

«i(^)®«i(|^) = [«(t)fc]®[e(t) / ] • 

Since 

c x (w x 5 w, r ) = c 2 (w x 5 w, at 1 ) © c 1 ^ ) , 



10 



and 

C 2 (W x s w, k.- 1 ) ~ c\u, e x/s ) m , 

this means that the C' 2 (/C _1 )-component of a representative of K2(-^~ <2> ^) 
in C 1 (/C') may be taken to be 

0(t) k x 0(t) t ■ 

And, in view of (10), the cochain (11) is indeed a cocycle in C 1 (/C'). 
We still need to check that K2 is well-defined. 

Proposition 2 K2 : ©f 2 — ► ^^/5 can ^ e presented as a connecting 
morphism in the higher-direct-image sequence of a short exact sequence. 



Proof. The starting point is the sequence of O^-modules (4), whose direct- 
image sequence (3) gives the first Kodaira-Spencer mapping k\ as a connect- 
ing morphism. Now, (4) contains an exact subsequence 

(16) — e x/s ^e x ^ tt-^s — 

of 7r _1 C?5-modules, whose direct-image sequence also has k\ as a connecting 
morphism. From now on we will work with (16) in place of (4). 

We can splice two sequences produced from (16) by exterior tensor prod- 
ucts with ®x/s an d with 7r -1 0s, respectively: 



T _ 

7T _1 GsKl7r~ 1 05 

7t _1 GsK16a' 

/ 1 

— >Q x /s^®x/s — >G x ®Qx/s n^OsMQx/s — >0 

T 


The resulting four-term exact sequence 

(17) -> 0*% - @x®&x/s ^ n^Qslsex - (ir^Qsf 2 - 
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can be extended to a commutative diagram 

°^ @ x% ®x^® x/ s ^^- 1 e S Ke^^(^ 1 e 5 ) H2 ^o 

(18) | I 

®x/s = ®x/s 

where the vertical maps are composed of the restriction to the diagonal 
A C X x 5 X followed by Lie brackets. 

Remark. Here we use the fact that the restriction of the Lie bracket 

[ , ] : e» 2 — e x 



to Qx^Qx/s takes values in &x/s ( see [ BS | , and also 

We note that the first column of the diagram (18) constitutes the complex 
K' computing T x j s - Let C denote the complex 

-1 o 

with i = (/3E3a, [ , ]) • Then we can rewrite (18) as a short exact sequence 
of complexes on X x$ X: 

(19) — >K' — >£ — ►(7r- 1 e s ) H2 — >0 
The associated direct-image sequence yields 

(20) — R%C- — > Gf 2 ^ T%) s — . 

Tracing out the definition of a connecting morphism (bearing in mind that 
if C £ @# is a local lifting of d/dtk, and 6>(t) is any element of @x/Si then 

[C, #(t)] = ^jp) shows that it is indeed the same as K2 given by the explicit 
Definition in coordinates given above. □ 



Remark. The explicit construction above shows how the data, up to second 
order, of the (first) Kodaira-Spencer mapping 

k : 65 j0 /m| Gs,o — ► T x/s,o/ m s,o T x/s,o 
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determines the second Kodaira-Spencer class 

«2 ■ fc>5 |0 - fc) S,o/ m S,ofe' 5j o > L X 

(see (12)). Conversely, if £,£ G ©s|oj and «2(C ® is represented by a 
cocycle (C x £, 0) € C ll (/C' |o), then we can choose coordinates t on S so that 
C = d/dtk, £ = d/dtg, and the Kodaira-Spencer mapping of the deformation 
in question is represented in T^y S0 <g> ^■s,o/ rn ^S,o r ^x/s ® ^5,0 by the f°rm 

/1=1 !/=l 

with #j; 0) = C, ^ 0) = & and flf } = 9. 

3 Main results 

There is a natural composition map 

(21) ef 2 — e s e ef 2 — ^ r^ 2) . 

However, this map is not Os-linear. For example, x ®y — y ® x is mapped 
to [x,y], whereas for any / G Os 

f.(x <S>y - y <8>x) = (f.x) ®y-y® (f.x) 
is sent to f.[x,y] — y(f).x . Nevertheless, (21) induces an Og-linear map 
0|2 _^ Tjp/Qs (^ Sym 2 Q s ) . 

The latter fits in a commutative square of Os-linear maps obtained from 

(8), 

ef 2 T^/imfa) 

( 22 ) I I 

rf/e 5 ^ Tg s /™(«i) 

Theorem 2 TTie second differential of the Archimedean period map d 2 ^ 
factors through the diagonal of (22), 

(2) 



«2:©f 2 — T$ 5 /im(«i) 
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Proof. Since the statement deals with Og-linear maps, it is enough to prove 
it pointwise, for each t G S. It suffices to restrict to G S. We need to show 
that d 2l $>(y) = for any y G ©cplo with K2(y) G i m (ki). The condition on 

~ (2) 

y implies that ^2(2/) G T^x can ^ e represented by a cocycle of the form 

(23) (0, o) g c\e x 2 [i}) e (?i(e x ) = c\k | ) , 

where 6* is a cocycle in C' 1 (0x) representing Ki(ry) for some 77 G |q. 
At this point we "recall" two theorems from |K|. 



Theorem 3 ((5.4) in [0) // k G T^ /s>0 ® ^, / m S,o T A7S,o ® ^S,o 



represented by the form 



is 



TOt/i = Cj = anc ^ = ^; i/ien i/ie second differential of the 
Archimedean period map 

d d 

d^igf ® Qf) : H *r > F ar 2 / H ar + Span {V„| (Wor) | V G @ S } 

is induced by the map 

TT Tjm 

12 ar — 12 ar ' 

U m (n x ® B ar /F% r (n x ® B ar ) + span {£„| ^ I V G ©s}) 

given on the cochain level by 

uJi u ..., iq .T p = ujq.T p ^ 
(24) Ct-iio - 1 &a»i - 1 - hoh - 1 £ a w Q- rP+1 + Qioh - 1 w Q- rP • 

«0'1 



Theorem 4 ((5.7) in [[R]]) d 2 ^ on 0f 2 |o «s determined by 

K e ^X/Sfi ® ^S , ,o/ m l,0 T A'/S,0 ® ^5,0 • 
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Reading the two theorems in light of the Remark at the end of Section 2, 
Theorem 4 shows that d 2 ^(y) is determined by £2(2/) = [(0,0)] € and 
Theorem 3 says that d 2 ^>(y) is induced on the cochain level by the contrac- 
tion with the cocycle 9 representing Ki(rj). This contraction is equivalent 
to V,y|o modulo H ar (in fact, it is none other than d^(r/)), and so we have 
proved that d 2 ^(y) = 0. □ 



Theorem 5 The graded version of the second differential of the Archimedean 
period map d 2 ^ , as well as the second differential of the usual period map 
d 2 & and the second fundamental form of the VHS, II, all factor through 

2 . _^ /rpl \<8>2 

and thus depend on k\ only. 



Proof. Again it suffices to restrict to <G S. Suppose 

«2(y) = [(Cx^)]eT? } 

for some y = Q <8> £ £ @® 2 |o- Examining formula (24), we observe that the 
term involving 6 lies in F~^. Therefore, d 2 ^(y) depends only on n 2 (y) := 
«i(C) ® «i(£)- This proves the Theorem for d 2 ^. 

The statements for d 2 <& and II follow from this by Lemma 2 (b) and 
Proposition 1, respectively. □ 

Finally, all the maps in question are symmetric, and so we may pass 
from k 2 to Sym 2 n\ and from k 2 to ~K 2 (see (8)). Referring to the following 
symmetrized version of (14), 

0^ O s -> T^ 2) -> 5ym 2 6 s -> 
(25) ki | | K2 I Sym 2 Ki 

T A"/5 T x)s ~> s y m2r ^x/s ~> T x/s ' 
we conclude with 

Theorem 6 d 2 ^ factors through 

k 2 : Sym 2 @s — > T avs/ im ( Kl )' 
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whereas d 2 ^ , d 2 <3? and II factor through 

■x/S ■ 



Sym 2 K% : Sym 2 Qs — ► Sym 2 T\ 



Remark. When the deformation is versal, i.e. im («i) is all of T^y<j, there 
is no difference between K2 and Sym 2 n\. 

4 The higher-order cases 

The definition of the second differential of the period map in Section 1 easily 
generalizes to higher-order cases (cf. fKf). 

All three papers mentioned in the introduction define "tangent spaces 
to the moduli" T^y 5 of all orders n. However, these definitions seem more 
complicated than in the case n = 2. 

Still, we should have a diagram analogous to (25), 

0^ T^ n_1) -» T^ n) -» Sym n Q s -» 

(26) K n _i I I k„ I Sym n Ki 

n — k T^™ -1 ) — > _» Q„ m ' 1 T 1 £H T 2 

u ± A'/5 x x/s x x/s ' 

where o n is the n" 1 obstruction map, and we expect that the n differen- 
tial of the Archimedean period map d n ^ factors through the n th Kodaira- 
Spencer map K n modulo the image of K n -i, whereas the n th differential of 
the usual period map d n & and the n th fundamental form of the VHS Inl 
factor through Sym n K,\. 

5 Appendix: Archimedean cohomology 

In this section we summarize what we need about Archimedean cohomology. 



For more information on this subject we refer to [Den]. 



Definition. B ar = C[T,T -1 ], L = CfT" 1 ]. B ar is filtered by the L- 
submodules F p = T _P .L. 

Thus, if X is a compact Kahler manifold, H m (X) ®q B ar receives the 
filtration F ar obtained as the tensor product of the Hodge filtration on 
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H m (X, C) and the nitration F' on B ar . F' aT is a decreasing filtration with 
infinitely many levels, and 

Gr k Far H p ' q .T p ~ k . 

p+q=m 

Definition. The Archimedean cohomology of X is 

H? r (X) :=F° r (H m (X,C)®B ar ) . 



Consider the complex of sheaves VL' X ®c B ar with the differential 

d(u.T fe ) := du;.T k+1 . 

This complex is also filtered by the tensor product of the stupid filtration 
on £l' x and F' on B ar , and we have 

hz(x) = F°n m (x, n x ® 5 ar ) - 

H m (X, ® Bar)) = U m (X, L = H m (X, C) <g> L . 

Note that H m (X, ^05 ar ) is a complex infinite-dimensional Hodge struc- 
ture (of weight m), and (Q' x <8> B ar , d) is a Hodge complex. Hence 

Gr k Fa H m (X, n x <g> B ar ) - H m (X, Gr k F jn x <g> B or )) . 

We will write boldface D for the differential in the Cech cochain complex 
computing H m (X, Q' x <g> B ar ), and 

C v := t)v—i +djD 

for the corresponding Lie derivative with respect to a vector field v on X. 

These constructions extend without any difficulty to the relative situ- 
ation. In particular, given a flat family ir : X — > S of compact Kahler 
manifolds, the bundle 

H®B ar = R m TT*(n x/s <g> B ar ) 

is filtered by T' ar , and the Gauss-Manin connection V extends to 

V ar : H <g> B ar >H® Bar ® ^5 , 
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with the usual Griffiths' transversality property 

Specifically, if x is a section of H, then 

V ar (x.T p ) = X7x.T p . 

The real difference arises when one examines the definition of V ar on the 
cochain level, due to the fact that d increases the exponent at T. 
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